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The problems of defects identiﬁcation in an elastic body using
results of static tests were studied very intensively during last
two decades. Several groups of methods were developed for solv-
ing the problems. The most commonly used group of methods is
based on constructing of an error function and application of one
of the optimization methods for the function minimization, see
for example Ben Ameur et al. (2007), Engelhardt et al. (2006), Keat
et al. (1998) and Khoddad and Dashti Ardakani (2011). Asymptotic
expansion of the far ﬁeld was used in Ammari et al. (2002),
Ammari and Kang (2004, 2007) and Kang et al. (2003). Estimations
of a defect volume were obtained by Alessandrini et al. (2007) and
Morassi and Rosset (2003). The reciprocity gap functional (RGF)
method enabled to develop an analytical approach for solving
some inverse problems Andrieux et al. (1999), Steinhorst and San-
dig (2012), Goldstein et al. (2007), Shifrin (2010), Shifrin and
Shushpannikov (2010, 2011, 2012, 2013) and Kaptsov et al.
(2012). The most of the methods were applied to the problem of
identiﬁcation of a single defect. The methods for identiﬁcation
multiple defects are much less developed. It is possible to mention
the papers of Ammari et al. (2005) where a problem of identiﬁca-
tion of a cluster of small inclusions was considered for the Laplace
equation and Kang et al. (2007), where a similar problem was
considered for the elasticity equations. Methods for identiﬁcation
multiple well-separated defects for 2d Laplace equations weredeveloped in the papers of Baratchart et al. (2005), Bryan et al.
(2007) and Hanke and Rundell (2011).
Below we propose a new simple method for identiﬁcation of
small, well-separated defects in 3d elastic body using results of
one static test. The method is based on the use of RGF. First, the
problem is reduced to the problem of identiﬁcation of the centers
of the defects projections on an arbitrary plane due to the use of
the regular elastic ﬁelds of speciﬁc type. The obtained 2d problem
is turned out similar to the problem of determination of simple
poles of a meromorphic function. It enabled to use in the consid-
ered problem the methods developed for the determination of sim-
ple poles. Then, in the case, when the defects have an ellipsoidal
shape, the magnitudes and directions of their axes are determined
successively for each defect. It is achieved by the use of regular
elastic ﬁelds enabling to neglect the inﬂuence of other defects on
the values of RGF. Due to use of such regular ﬁelds, the problem
is reduced to the problem of identiﬁcation of a single ellipsoidal
defect, which was solved in the preceding publications of the
authors.
The statement of the problems is given in the Section 2. Reduc-
tion of the initial 3d problem to 2d problem for determination of the
defects projections on an arbitrary plane is presented in the Sec-
tion 3. The used method for determination of the locations of the
defects centers is described in the Section 3 also. An algorithm for
determination of the geometrical parameters of the ellipsoidal de-
fects is presented in the Section 4. Numerical examples illustrating
efﬁciency of the proposed method are considered in the Section 5.
The stability of the results relative to noise in the data is studied
in the Section 6.
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Let V  R3 be a bounded simply connected domain with a
boundary oV. Gk  V, k = 1,2, . . . ,n are small, simply connected
subdomains. We suppose that Gi \ Gj ¼ ;, i– j, G ¼
Sn
k¼1
Gk  V ,
where Gk is a closure of the subdomain Gk. Let us suppose that
an isotropic linear elastic body with a shear modulus lM and Pois-
son ratio mM occupies the domain X ¼ V n G. The defects Gk can be
cavities or inclusions (rigid or linear elastic). If Gk is a cavity we
suppose that its boundary oGk is unloaded. If Gk is an inclusion, it
is supposed complete bonding between the matrix and inclusion.
We assume that typical sizes of the defects have the same order.
Denote the typical size l. Assume also that the typical distances be-
tween the defects have the same order and denote the typical dis-
tance L. We assume that the defects are small in the following
sense
l  L ð1Þ
Let us introduce Cartesian coordinates Ox1x2x3. We suppose that
the loads td ¼ ðtd1; td2; td3Þ and displacements ud ¼ ðud1;ud2;ud3Þ are
measured on oV in a static test. We will mark with the superscript
d the stress–strain state in the body X: rdij is the stress tensor, edij is
the strain tensor and ud is the displacement vector, tdi ¼ rdijnj,
where n = (n1,n2,n3) is a unit outward normal to the boundary oV
and convention of summation for repeated indices is used. Below
we will suppose that the defects are linear elastic inclusions. The
cases of cavities and rigid inclusions can be considered as limit
cases when the elastic moduli tend to zero or inﬁnity, respectively.
The stress–strain state in the inclusion Gk we will mark with the
superscript Ik (rIkij ; eIkij ; uIk ¼ uIk1 ;uIk2 ;uIk3
 
are the stress tensor, the
strain tensor and the displacement vector, respectively). The shear
modulus and Poisson ratio of the inclusion Gk we denote by lk and
mk, respectively.
According to our suppositions the following equalities are valid
for x = (x1,x2,x3) 2X:
edij ¼
1
2
udi;j þ udj;i
 
; i ¼ 1;2;3; j ¼ 1;2;3ð Þ
rdij ¼ 2lM
mM
1 2mM h
ddij þ edij
 
; hd ¼
X3
k¼1
edkk
rdij;j ¼ 0
ð2Þ
Here dij is the Kronecker delta.
The elastic ﬁeld with the superscript Ik satisﬁes in the domain
Gk the equations analogical to Eq. (2) with the replacement of the
values lM and mM by the values lk and mk, respectively. The condi-
tions of complete bonding between the matrix and inclusion Gk
have the following form:
uIkðxÞ ¼ udðxÞ; rIkij ðxÞNjðxÞ ¼ rdijðxÞNjðxÞ; x 2 @Gk ð3Þ
Here N(x) = (N1(x),N2(x),N3(x)) is a unit normal to the boundary
oGk at the point x.
We will call the elastic ﬁelds in the body V without defects as
regular elastic ﬁelds and mark by a superscript r
(rrij; erij; ur ¼ ur1;ur2;ur3
 
are the stress tensor, the strain tensor
and the displacement vector, respectively). The regular elastic
ﬁelds satisfy the Eq. (2) in the domain V.
The RGF, depending on two stress states with superscripts d and
r, is deﬁned as follows:
RGðd; rÞ ¼
Z
@V
tdi u
r
i  tri udi
 
dS ð4Þ
where tri ¼ rrijnj.The problem is to reconstruct the defects Gk using the known
loads td and displacements ud on the boundary oV. Because the vec-
tor-functions td and ud are known, the values RG(d,r) can be calcu-
lated for all regular elastic ﬁelds r. So, the problem will be solved if
we express the parameters of the domains Gk by means of the val-
ues RG(d,r). It was shown by Shifrin and Shushpannikov (2010,
2012) that the expression (4) can be written in one of the following
forms:
RGðd; rÞ ¼
Xn
k¼1
Z
Gk
DeIkij r
r
ijdx ð5Þ
RGðd; rÞ ¼
Xn
k¼1
Z
Gk
DrIkij e
r
ijdx ð6Þ
where DeIkij ¼ eIkij  eIkij , DrIkij ¼ rIkij  rIkij , eIkij are the strains corre-
sponding to the stresses rIkij and rIkij are the stresses corresponding
to the strains eIkij in the material with the shear modulus lM and
Poisson ratio mM.
Let us denote the centers of the defects Gk by xk ¼ xk1; xk2; xk3
 
and the volumes of the domains Gk by |Gk|. Consider a regular elas-
tic ﬁeld in the body V without defects subjected to the loads td on
the boundary oV. The elastic ﬁeld we will mark by a superscript dr.
Because the defects are small, we suppose also that the stress state
in the defect Gk is close to the stress state in the inclusion Gk lo-
cated in an inﬁnite elastic solid and subjected to the constant stres-
ses rdrij xk
 
at the inﬁnity. It follows from the supposition and the
Eshelby (1957) results that the stresses rIkij are approximately con-
stant in the ellipsoidal inclusion Gk. Finally, we assume that the
values maxi;jjrIkij j have the same order for different Gk.3. Reduction of the problem to 2d problem of the defects
projections identiﬁcation
According to our suppositions, formulated in the preceding Sec-
tion, we will approximate the values of the RGF by the principal
term of the asymptotic expansion of the Eq. (6) provided that l/
L? 0
RGðd; rÞ 
Xn
k¼1
DrIkij x
k
 
erij x
k
 jGkj ð7Þ
Consider, for example, projections of the defects on the plane
x1x2. To determine projections of the defects centers on the plane
x1x2 we will use the regular elastic ﬁelds corresponding to plane
strain states. According to Muskhelishvili (1977) the displacements
u = (u1,u2,0), strains eij and stresses rij of a plane strain ﬁeld can be
expressed by means of two holomorphic functions u(z) and w(z),
z = x1 + ix2
2lMðu1 þ iu2Þ ¼ juðzÞ  zu0ðzÞ  wðzÞ; j ¼ 3 4mM ð8Þ
r11 þ r22 ¼ 4Re½UðzÞ; r22  r11 þ 2ir12 ¼ 2 zU0ðzÞ þWðzÞ½ 
r13 ¼ r23 ¼ 0; r33 ¼ mM r11 þ r22ð Þ
ð9Þ
e11 þ e22 ¼ 2ð1 2mMÞlM
Re½UðzÞ;
e22  e11 þ 2ie12 ¼ 1lM
zU0ðzÞ þWðzÞ½ 
e13 ¼ e23 ¼ e33 ¼ 0
ð10Þ
where UðzÞ ¼ u0ðzÞ; WðzÞ ¼ w0ðzÞ, the overbar denotes the complex
conjugation.
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sponding to a plane strain state determined by the following holo-
morphic functions:
UðzÞ ¼ 0; WðzÞ ¼ 2lMHðzÞ ð11Þ
It follows from the Eqs. (7), (10), and (11)
RGðd;rÞ
Xn
k¼1
DrIk11 x
k
 DrIk22 xk  ReHðzkÞ2DrIk12 xk ImHðzkÞ 	jGkj
ð12Þ
where zk ¼ xk1 þ ixk2.
Let us mark with a superscript q a regular elastic ﬁeld corre-
sponding to a plane strain state determined by the holomorphic
functions:
UðzÞ ¼ 0; WðzÞ ¼ 2lMiHðzÞ ð13Þ
It follows from the Eqs. (7), (10), and (13)
RGðd;qÞ
Xn
k¼1
 DrIk11 xk
 DrIk22 xk  ImHðzkÞ2DrIk12ðxkÞReHðzkÞ 	jGkj
ð14Þ
From the Eqs. (12) and (14) one has
RGðd; rÞ  iRGðd;qÞ Xn
k¼1
DrIk11 x
k
  DrIk22 xk  þ 2iDrIk12 xk  	HðzkÞjGkj ð15Þ
Let us take HðzÞ ¼ HmðzÞ ¼ zL
 m ¼ wm, m = 0,1,2, . . . , where L
was introduced in (1). In this case Eq. (15) for various Hm(z) have
the following form:
Xn
k¼1
Akwmk ¼ bm; m ¼ 0;1;2; . . . ð16Þ
where Ak ¼ DrIk11 xk
  DrIk22 xk  þ 2iDrIk12 xk  	jGkj, bm ¼ RGðd; rmÞ
iRGðd;qmÞ, wk = zk/L, rm and qm are regular elastic ﬁelds corre-
sponding to the holomorphic function Hm(z).
Eq. (16) coincide with the equations arising in the problem of
simple poles of a meromorphic function identiﬁcation, see for
example El Badia and Ha-Duong (2000) and Kang and Lee (2004).
There are several methods to determine the locations of the defects
projections wk and the coefﬁcients Ak from the Eq. (16). We have
used the method developed by Kang and Lee (2004). Let us remind
brieﬂy the main ideas of the method. Let us ﬁrst suppose that we
know the number of the defects n. Consider a polynomial
PnðwÞ ¼
Yn
k¼1
ðwwkÞ ¼ wn þ
Xn1
m¼0
qmw
m ð17Þ
Here deg Pn(w) = n and wk, k = 1,2, . . . ,n are the roots of the
polynomial Pn(w), qm are unknown coefﬁcients.
Using Eq. (16) it is possible to obtain a system of linear algebraic
equations relative to the coefﬁcients qm. It follows from the Eqs.
(16) and (17)
bpþn þ
Xn1
m¼0
bpþmqm ¼ 0; p ¼ 0;1;2; . . . ; n 1 ð18Þ
Eq. (18) form a system of linear algebraic equations relative to
unknowns qm, m = 0,1,2, . . . ,n  1. After determination of the val-
ues qm it is possible to construct the polynomial Pn(w) and to ﬁnd
its roots. Thus, the projections of the defects on the plane x1x2 are
found. After determination of the values wk we consider a system
of Eq. (16) for m = 0,1,2, . . . ,n  1. It is a system of linear algebraic
equations relative to Ak. So, the values wk and Ak are determined.
Here we suppose that Ak– 0.Usually we do not know the number of defects n, but we can
suppose that we know an upper bound of the number. Let us sup-
pose that we know that n 6 N. In this case applying the considered
procedure for a polynomial PN(w), constructed according to Eq.
(17), we obtain the roots of the polynomial wk and coefﬁcients
Ak, k = 1,2, . . . ,N. Among the obtained values wk there are some
roots corresponding to the defects projections and some spurious
roots. The spurious roots can be excluded using the following
criteria:
1. Some of spurious roots are located outside of the body
projection.
2. The values |Ak| corresponding to spurious rootswk are small rel-
ative to the values |Ak| corresponding to projections of real
defects.
3. The spurious rootswk are not stable relative to the chosen value
of the upper bound N and can change signiﬁcantly when various
values N are considered.
4. If projections on several planes are considered then it is possible
to see that spurious roots are not projections of somepoints in R3.
If one of the criteria is satisﬁed for a considered root then the
root does not correspond to any defect.
Let us suppose that the spurious roots are excluded. The num-
ber of remaining roots can exceed the number of projections of real
defects because several roots can correspond to one defect, see for
example Hanke and Rundell (2011). To determine the exact num-
ber of defects projections it is possible to use Eq. (1). So, if we ob-
tain, for example, three roots 1, 2 and 3 and the distance between
the roots 1 and 2 is much less than the distances between the roots
1, 3 and 2, 3 then we can suppose that the roots 1 and 2 correspond
to the projection of the same defect. After determination of the
number of defects we repeat the described above procedure for
the obtained number of defects. As a result, we obtain roots located
close enough to the projections of defects centers. Numerical
examples conﬁrming that the use of the proposed algorithm en-
ables to determine the number of defects and their centers are con-
sidered in the Section 5.
Let us make few remarks regarding to the proposed method for
the defects number determination.
Remark 1. Note that there are the planes that the projections of
several defects on these planes are close to each other. In this case,
the defects are separated by considering of the projections on the
other planes.Remark 2. In the case of certain types of combinations of applied
load, the size and orientation of the defect the value of Ak for the
defect projection on some plane can be close to zero (for example,
plane x1x2 in case of uniaxial tension (compression) load along the
axis x3 and spherical defect). In this case, the defect can be detected
and identiﬁed by considering the projections on other planes.Remark 3. In some exceptional cases (for example, in the case of a
hydrostatic compression (tension) and spherical defect) the values
of Ak for the projections of the defect are close to zero for any plane.
In these cases, to identify the defect it is necessary to perform an
additional experiment. Such a situation in the case of a single
defect was discussed in Shifrin and Shushpannikov (2012).
In the Section 4 we suppose that the defects have an ellipsoidal
shape and the number of defects and their centers are known. A
method for determination of the magnitudes and directions of
the ellipsoid semiaxes is developed.
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4.1. Identiﬁcation of spherical cavities and spherical rigid inclusions
First, we consider a special case. Suppose that there are grounds
to assume that defects are spherical linear elastic inclusions.
According to suppositions formulated in Section 2, the stress state
in the defect Gk is approximately constant and close to the stress
state in the sphere Gk located in an inﬁnite elastic solid and sub-
jected to the stresses rdrij xk
 
at the inﬁnity. Using an analytical
solution of the direct problem for a spherical inclusion located in
an inﬁnite elastic solid, see Goodier (1933), it is possible to obtain
the following equality:
DrIk11  DrIk22
 þ 2iDrIk12 ¼ 120lMð1 mMÞB rdr11 xk  rdr22 xk  
þ2irdr12 xk
 	 ¼ Ck ð19Þ
Here the value B depends in a general case on the elastic moduli
of the matrix and inclusion. If the defect is a spherical cavity, then
B ¼ 1
8lMð7 5mMÞ
ð20Þ
If the defect is a rigid spherical inclusion, then
B ¼  1
16lMð4 5mMÞ
ð21Þ
Thus, if the defects are spherical cavities or rigid spherical inclu-
sions their radii can be calculated directly from the values Ak and
Eqs. (19)–(21)
rk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3Ak
4pCk
3
s
ð22Þ
Here rk is a radius of the sphere Gk.
4.2. General case of ellipsoidal inclusions
Let us suppose now that the defects Gk are ellipsoidal inclusions.
To determine the geometrical parameters of the inclusions (the
magnitudes and directions of their axes) we will use an approach
developed by Shifrin (2010) and Shifrin and Shushpannikov
(2011, 2012, 2013) for determination of a single ellipsoidal defect.
As it was noted in Section 2, the stress state inside the defect Gk is
approximately constant and close to the stress state in the ellipsoi-
dal inclusion Gk, located in an inﬁnite elastic solid and subjected to
the stresses rdrij xk
 
at the inﬁnity. For deﬁniteness, let us ﬁnd the
geometrical parameters of the defect G1. First, introduce Cartesian
coordinates with the origin in the center of the defect G1
xi ¼ ni þ x1i ; i ¼ 1;2;3 ð23Þ
Let us remind that according to preceding results of the authors,
to identify the defect G1, it is sufﬁciently to construct a matrix
Z1 ¼ Z1ij
 
, where
Z1ij ¼
5
jG1j
Z
G1
ninjdn; i ¼ 1;2;3; j ¼ 1;2;3 ð24Þ
As it was shown by Shifrin (2010), the eigenvalues of the matrix
Z1 equal a11
 2, a12 2 and a13 2, where a1j , j = 1,2,3 are the semiaxes
of the ellipsoid G1. The corresponding eigenvectors are directed
along the axes of the ellipsoid. In the case of a single defect G1, lo-
cated in an inﬁnite elastic solid, matrix Z1 is constructed by means
of the use of regular elastic ﬁelds with constant stresses and stres-
ses, quadratically depending on coordinates ni. In the case of multi-
ple defects we reduce the problem to the case of a single defect by
means of construction of such regular ﬁelds that the contribution
of the ﬁrst term to the sum on the right side of the Eq. (6) wassigniﬁcantly greater than that of the remaining terms. The stresses
of the constructed regular elastic ﬁelds in the domain G1 are
approximately constants or quadratically depend on coordinates
ni. Using regular elastic ﬁelds corresponding to plane strain states
in the plane x1x2 we calculate the values
Z1ab ¼
5
jG1j
Z
G1
nanbdn; a ¼ 1;2; b ¼ 1;2 ð25Þ
Other elements of the matrix Z1 can be calculated similarly by
using the regular elastic ﬁelds corresponding to plane strain states
in the planes x1x3 and x2x3.
First, consider regular elastic ﬁelds with approximately con-
stant stresses inside the defect G1. Denote coordinates of other de-
fects centers in the coordinate system by nk1; n
k
2; n
k
3
 
, k = 2,3, . . . ,n.
Deﬁne holomorphic functions vm(f), f = n1 + in2
vmðfÞ ¼
1
Lmðn1Þ
Yn
k¼2
f fkð Þm; mP 3; fk ¼ nk1 þ ink2 ð26Þ
Denote
vmð0Þ ¼ Pm; v0mð0Þ ¼ Dm ð27Þ
Let us mark with a superscript sm a regular elastic ﬁeld corre-
sponding to the holomorphic functions
UðfÞ ¼ UmðfÞ ¼ lMPmvmðfÞ; WðfÞ ¼ 0 ð28Þ
It follows from the Eqs. (27) and (28) that inside the domain G1
the following approximation is valid
UmðfÞ  lM jPmj2; U0mðfÞ  lMPmDm ð29Þ
According to Eqs. (10), (28), and (29), the strains esmij satisfy the fol-
lowing equations inside the domain G1
esm11 þ esm22  2ð1 2mMÞjPmj2; esm22  esm11 þ 2iesm12  0 ð30Þ
The strains esmij inside other defects approximately equal zero.
Thus, from the asymptotical formula (7) and Eq. (30) we have
RGðd; smÞ ¼ ð1 2mMÞjPmj2 DrI111 þ DrI122
 jG1j ð31Þ
Using the value A1, see Eqs. (16) and (31) it is possible to calcu-
late the values
Cab ¼ DrI1abjG1j; a ¼ 1;2; b ¼ 1;2 ð32Þ
Construct now the regular elastic ﬁelds with stresses approxi-
mately quadratically depending on coordinates inside the defect
G1 and approximately vanishing inside other defects.
Let us deﬁne a holomorphic function Hm(f)
HmðfÞ ¼ fL
 2
vmðfÞ ð33Þ
Consider regular elastic ﬁelds urm and u
q
m corresponding the
holomorphic functions U(f) and W(f) determined by means of
the holomorphic function Hm(f) according to Eqs. (11) and (13).
It follows from the Eqs. (6), (10), (11), and (13) and suppositions
formulated in Section 2
RGðd; rmÞ  iRGðd;qmÞ 
Xn
k¼1
DrIk11  DrIk22
 þ 2iDrIk12 	Z
Gk
HmðfÞdn ð34Þ
where dn = dn1dn2dn3.
According to our suppositions, the values Drk ¼ DrIk11  DrIk22
 
þ2iDrIk12 for different defects Gk have the same order which we
denote by Dr. Denote the contribution of the ﬁrst term, corre-
Fig. 1. Uniaxial tension of a cube with embedded ellipsoidal defects.
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Eq. (34) by Sm1 . The order of the value S
m
1 equals
Sm1 ¼ Drl5L2 ð35Þ
The order of the sum of other terms is as follows:
Smþ ¼ ðn 1ÞDrlmþ3Lm ð36Þ
It follows from the Eqs. (35) and (36)
Smþ
Sm1
¼ ðn 1Þ l
L
 m2
ð37Þ
From the Eq. (37) and (1) we have
lim
m!1
Smþ
Sm1
¼ 0 ð38Þ
From the Eqs. (34) and (38) we obtain for big values of m an
asymptotical formula
RGðd; rmÞ  iRGðd;qmÞ  DrI111  DrI122
 þ 2iDrI112 	
Z
G1
HmðfÞdn
ð39Þ
It follows from the deﬁnition of the function Hm(f) given in (26),
(27) and (33) that the main term of asymptotic expansion of the
function in the domain G1 has the form:
HmðfÞ  fL
 2
Pm ð40Þ
From the Eqs. (39) and (40) one has
RGðd; rmÞ  iRGðd;qmÞ  DrI111  DrI122
 þ 2iDrI112 	PmL2

Z
G1
n21  n22
 þ 2in1n2 	dn ð41Þ
It follows from the Eq. (41) and expression for A1, see Eq. (16)
L2 RGðd; rmÞ  iRGðd;qmÞ½ 
A1Pm

R
G1
n21  n22
 þ 2in1n2 	dn1dn2dn3
jG1j
ð42Þ
Let us mark with a superscript hm a regular elastic ﬁeld corre-
sponding to the holomorphic functions
UðfÞ ¼ UmðfÞ ¼ lMPmHmðfÞ; WðfÞ ¼ 0 ð43Þ
For the ﬁeld and big enoughm, the contribution of the ﬁrst term
to the sum in Eq. (6) is also much greater than the contribution of
other terms. It follows from the Eqs. (40) and (43) that inside the
domain G1 the main terms of asymptotical expansions of the func-
tions Um(f) and U
0
mðfÞ have the form:
UmðfÞ  lMjPmj2f2L2; U0mðfÞ  2lMjPmj2fL2 ð44Þ
From the Eqs. (10), (43), and (44) one has
ehm11 þ ehm22 ¼ 2 1 2mMð ÞjPmj2L2 n21  n22
 
; ehm12 ¼ 0;
ehm22  ehm11 ¼ 2jPmj2L2 n21 þ n22
  ð45Þ
It follows from the Eqs. (6), (32), and (45)
RGðd;hmÞ¼2jPmj
2
L2jG1j
ð1mMÞC22mMC11½ 
Z
G1
n21dnþ mMC22ð1mMÞC11½ 
Z
G1
n22dn
 
ð46Þ
Consider now a regular elastic ﬁeld marked with superscript jm
and determined by the following holomorphic functions:
UðfÞ ¼ UmðfÞ ¼ ilMPmHmðfÞ; WðfÞ ¼ 0 ð47Þ
Using the same reasoning as above one obtainsRGðd;jmÞ¼2jPmj
2
L2jG1j
ð12mmÞ C11þC22ð Þ
Z
G1
n1n2dnþC12
Z
G1
n21þn22
 
dn
 
ð48Þ
Using Eqs. (32), (42), (46), and (48), it is possible to calculate
values Z1ab, a = 1,2, b = 1,2. As it was noted above, other elements
of the matrix Z1 can be obtained using plane strain regular ﬁelds
for other planes.
In a similar way it is possible to identify the geometrical param-
eters of other ellipsoidal defects Gk, k = 2, . . . ,n.
5. Numerical examples
In all numerical examples considered below it is assumed that
elastic body V is a cube fx : jxij 6 10; i ¼ 1;2;3g, the Poisson ratio
of the matrix is mM = 0.25, the Young’s modulus is EM ¼ 2lM
ð1þ mMÞ ¼ 200 GPa. The loads td applied to the boundary oV are
chosen correspond to uniaxial tension in the direction of the axis x3
tdðxÞ ¼ ð0;0;rn3ðxÞÞ; x 2 @V ð49Þ
r ¼ 200 MPa (see Fig. 1).
The direct Neumann problem for the applied loads (49) and
various number of ellipsoidal defects (in particular, spherical) is
considered and displacements ud are calculated on the boundary
oV using FEM. After that the corresponding values of the RGF are
calculated. Using calculated values of the RGF the number of
defects and their geometrical parameters are determined using
the results obtained in Sections 3 and 4.
5.1. Determination of the number of defects and coordinates of their
centers
An approach for determination of the number of defects was
described in Section 3. To explore the accuracy of such approach
some numerical examples are considered below.
Let us consider at ﬁrst a case of two spherical cavities with the
centers at points x1 = (5,4,3), x2 = (3,4,5) and radii r1 = 0.5,
r2 = 1.0 (see Figs. 2 and 3). Here and below the projections of the
given defects on the planes are grey dashed on the ﬁgures ((a) –
plane x1x3, (b) – plane x2x3). The projections of the body V are
marked with the solid lines.
To determine the number of defects n the polynomials PN(w),
deﬁned by Eq. (17), are constructed for different values of the
upper bound N in the planes x1x3 and x2x3.
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presented on Fig. 2 and Fig. 3, respectively. The roots wk,
k = 1,2, . . . ,N of the polynomials PN(w) are marked with the thick
points () on the ﬁgures. The arrows (?) denote the roots located
outside the ﬁgures bounds.
Among the roots of the polynomials PN(w) presented on Figs. 2
and 3 there are some spurious roots which do not correspond to
any defects. The spurious roots are excluded using the criteria for-
mulated in Section 3. To illustrate these criteria let us consider for
example the roots of polynomial P5(w) constructed in the plane
x1x3 (see Fig. 2a).
The criterion 1 is satisﬁed for the roots marked with numbers 4,
5 on Fig. 2a since these roots are located outside of the body pro-
jection. We will mark such roots with the cross symbols () on
the ﬁgures.
The criterion 2 is satisﬁed for the roots marked with numbers
3–5 on Fig. 2a since the values of |Ak| (Eq. (16)) corresponding to
these roots are small relative to the values |Ak| corresponding to
the roots marked with numbers 1, 2: |A1| = 0.205  109, |A2|
= 0.165  1010, |A3| = 0.293  104, |A4| = 0.405  104, |A5|
= 0.447  103. We will mark such roots with the circle symbols
(s) on the ﬁgures.
Comparing the roots of polynomials P5(w) and P10(w) con-
structed for N = 5 and N = 10 in the plane x1x3 (see Figs. 2 and 3a)
it is possible to see that the roots marked with the numbers 3–5
on the Fig. 2a are not stable relative to the chosen value of N. So,
the criterion 3 is satisﬁed for these roots. We will mark such roots
with the square symbols (h) on the ﬁgures.
Comparing the roots of polynomials P5(w) constructed in the
planes x1x3 and x2x3 (see Fig. 2a and b) it is possible to see that
the roots marked with the numbers 3, 5 on Fig. 2a are not the pro-
jections of some points in R3 (the roots representing a point in R3
must have the same coordinate x3 in both considered planes). So,
the criterion 4 is satisﬁed for these roots. We will mark such roots
with the rhomb symbols (e) on the ﬁgures.
Only the roots of polynomial P5(w) marked with the numbers 1,
2 on Fig. 2a do not satisfy any criteria and therefore correspond to
the real defects. So, the number of defects n = 2.
It is shown on the Fig. 3 that applying the considered procedure
for polynomial P10(w) the same number of defects can be obtained.
Because the number of defects is determined, the centers of the
defects projections can be obtained from the roots of the polynomi-
als P2(w) constructed in planes x1x3 and x2x3. In the considered case
the roots of these polynomials are almost the same as the roots of
polynomials P5(w) and P10(w) marked with numbers 1, 2 on Figs. 2Fig. 2. The roots of polynomials P5(w)and 3, respectively, and therefore do not presented on the separate
ﬁgure. As can be seen, the roots of polynomial P2(w) are very close
to the centers of the given spherical defects projections.
Next, let us consider a case of two ellipsoidal cavities with the
centers at points x1 = (5,5,5), x2 = (5,5,5) and volumes
|Gk| = 4p/3  4.189, k = 1,2 equal to the volume of the unit ball
(see Figs. 4 and 5). Suppose that q11 ¼ 0:25, q12 ¼ 0:50 and
q21 ¼ 0:50, q22 ¼ 0:75, where qk1 ¼ ak3=ak1, qk2 ¼ ak2=ak1 are ellipsoid as-
pect ratios, ak1, a
k
2, a
k
3 are semiaxes of the ellipsoid Gk.
Here and below to specify the ellipsoidal defects orientations
we will use the Euler angles (uk,hk,wk), 0 6 uk 6 p, 0 6 hk 6 p,
0 6 wk 6 p. The deﬁnition of used Euler angles (uk,hk,wk) is given
in Shifrin and Shushpannikov (2011). Suppose that for considered
ellipsoidal cavities (u1,h1,w1) = (30,45,60), (u2,h2,w2) = (120,
135,150).
To determine the number of defects n the polynomials P5(w)
and P10(w) in the planes x1x3 and x2x3 are constructed. The spurious
roots of the polynomials are excluded using the criteria formulated
in Section 3.
Let us consider for example the roots of the polynomial P10(w)
constructed in the plane x1x3 (see Fig. 4a).
As shown on Fig. 4a, the roots of polynomial P10(w) marked
with the numbers 5–10 on the ﬁgure satisfy at least one of the for-
mulated criteria and hence are spurious roots. Therefore, only the
roots marked with the numbers 1–4 should be considered. It can
be seen from Fig. 4a that the distance between the roots 1, 2 is
much less than the distances between the roots 1, 3 and 2, 3 (or
1, 4 and 2, 4). Accounting for supposition (1), it can be concluded
that the roots 1 and 2 correspond to the projection of the same de-
fect. The same holds for the pair of roots marked with the numbers
3, 4 on Fig. 4a. So, the number of defects n = 2.
The roots of polynomials P2(w) are presented on Fig. 5. As can be
seen from Fig. 5 the obtained roots are very close to the centers of
the given ellipsoidal defects projections.
5.2. Identiﬁcation of spherical cavities and spherical rigid inclusions
Suppose that the number of spherical defects n and coordinates
of their centers are determined approximately using proposed
method. Then the values Ak corresponding to the roots wk,
k = 1,2, . . . ,n of the polynomials Pn(w) can be calculated from the
system of linear equations (16).
It was shown in Section 4.1 that the radii of spherical cavities
and spherical rigid inclusions are calculated directly from the val-
ues Ak using Eqs. (19)–(22).in case of two spherical cavities.
Fig. 3. The roots of polynomials P10(w) in case of two spherical cavities.
Fig. 4. The roots of the polynomials P10(w) in case of two ellipsoidal cavities.
Fig. 5. The roots of the polynomials P2(w) in case of two ellipsoidal cavities.
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from Section 5.1 (see Figs. 2 and 3). The results of identiﬁcation are
presented on Fig. 6. Here and below the boundaries of the identi-
ﬁed defects projections are marked with the solid lines.
The results presented on Fig. 6 demonstrate that the identiﬁed
defects projections are in exact agreement with the projections of
the given spherical defects.
The results of identiﬁcation of ﬁve spherical defects which are
cavities and rigid inclusions are presented on Fig. 7. The defects
markedwith the numbers 1, 2 on the ﬁgure are rigid inclusionswith
the centers at points x1 = (7.0,7.6,7.6), x2 = (7.0,5.6,5.6)
and radii r1 = 0.4, r2 = 0.6 .The defects marked with the numbers
3–5 on the ﬁgure are cavities with the centers at points
x3 = (4.6,6.0,6.0), x4 = (3.8,2.4,2.4), x5 = (0.6,2.0,2.0) and ra-
dii r3 = 0.8, r4 = 1.0, r5 = 1.2.
The results presented on Fig. 7 demonstrate that even for big
enough number of defects the radii of spherical cavities and spher-
ical rigid inclusions are determined with high accuracy using Eqs.
(19)–(22).
5.3. Identiﬁcation of ellipsoidal inclusions
Suppose as above that the number of ellipsoidal defects n and
coordinates of their centers are determined approximately usingproposed method. Then the magnitudes and directions of the ellip-
soids semiaxes can be calculated using the formulas obtained in
Section 4.2.
To separate the parameters corresponding to different defects,
the polynomial regular elastic ﬁelds rm, qm, sm, hm, jm depending
on integer-valued parameter m (mP 3) are used in the formulas.
The values of parameter m are chosen so big as to eliminate the
Fig. 6. Identiﬁcation of two spherical cavities.
Fig. 7. Identiﬁcation of ﬁve spherical defects (1, 2 – rigid inclusions; 3–5 – cavities).
Fig. 8. Identiﬁcation of two ellipsoidal cavities.
Fig. 9. Identiﬁcation of three defects: two ellipsoidal and one spherical cavities.
Fig. 10. Identiﬁcation of two elliptic cracks.
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cept one corresponding to the defect which parameters are deter-
mined. It follows from Eq. (37) that the bigger the number of
defects n the bigger the value of parameterm should be used to ob-
tain stable identiﬁcation results.
Let us note that proposed identiﬁcation method is based on the
measurements which are usually subjected to some errors.
Increasing the parameter m leads to increasing the degree of the
polynomials corresponding to regular elastic ﬁelds rm, qm, sm, hm,
jm. As consequence, the errors in the calculated values of the
RGF corresponding to the ﬁelds can also increase. Due to this rea-
son using big values of parameterm for identiﬁcation of defects re-
quires the measured data with higher accuracy.
In the considered numerical examples the measured data were
simulated by FEM. The level of accuracy of such data enabled us to
consider only the values of parameter m up to m = 8.
For illustration let us consider the case of two ellipsoidal cavi-
ties from Section 5.1 (see Figs. 4 and 5). The identiﬁcation results
obtained for m = 4 are presented on Fig. 8.
The results presented on Fig. 8 demonstrate that for chosen va-
lue of the parameter m the identiﬁed defects projections are in ex-
act agreement with the projections of the given ellipsoidal defects.
Using m = 3 in the considered case is not enough and leads to big
errors in the results of identiﬁcation.
The results of identiﬁcation of three defects: two ellipsoidal
cavities with the same parameters as in the example considered
above (see Fig. 8) and one spherical cavity with the center at point
x3 = (5,5,5) and radius r3 = 1.0, are presented on Fig. 9. The re-
sults were obtained for m = 5. Using m = 4 in the considered case
gives results with a less accuracy.
Let us note that the formulas obtained in Section 4.2 are valid
not only for ellipsoidal cavities but for inclusions (rigid or linear
elastic) also. The cavities were considered here only as an example.5.4. Identiﬁcation of elliptic cracks
Since the plane elliptic crack is a degenerate ellipsoidal cavity
(it is assumed that the crack surfaces are unloaded), the developed
method can also be used to identify elliptic cracks. The eigenvalues
of the matrixes Zk deﬁned by Eq. (24) are equal squares of the ellip-
soids semiaxes. So, in case of elliptic crack one of the eigenvalues of
the matrix should be zero. The eigenvector corresponding to zero
eigenvalue is directed normal to the crack plane (see Kaptsov
et al. (2012) and Shifrin and Shushpannikov (2012)). Let us note
that the errors in the measured data lead to the fact that none of
the eigenvalues is not zero, but it can be expected that one of the
eigenvalues is small relative to the others.
For illustration let us consider the case of two elliptic crackswith
the centers at points x1 = (0,5,5), x2 = (5,5,0) and areas equal to
the area of a unit circle |Gk| = p  3.1416, k = 1,2. Suppose that the
elliptic cracks have the same aspect ratios qk2 ¼ ak2=ak1 ¼ 0:5,
Fig. 12. Identiﬁcation of two spherical cavities using noisy data. Case S ¼ 0:1Du.
Fig. 13. Identiﬁcation of two spherical cavities using noisy data. Case S ¼ 0:15Du.
Fig. 14. Identiﬁcation of two ellipsoidal cavities using noisy data. Case S ¼ 0:01Du.
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(u1,h1,w1) = (30,45,60), (u2,h2,w2) = (60,30,45).
Let us denote the eigenvalues of matrix Zk by kk1, k
k
2, k
k
3. The ob-
tained for m = 4 eigenvalues of matrix Z1 are k11 ¼ 1:963,
k12 ¼ 0:452, k13 ¼ 0:051. The eigenvalues of matrix Z2 are
k21 ¼ 1:925, k22 ¼ 0:477, k23 ¼ 0:022. So, for both elliptic cracks
one of the eigenvalues of matrix Zk is small relative to the others.
The values kk3 turn out even negative. Thus, the directions of the
normals to the cracks planes are determined. The identiﬁcation re-
sults are presented on Fig. 10.
6. Sensibility of the results to the noise in data
Since the proposed identiﬁcation algorithm is based on the
measurements which are usually subjected to the noise, the sensi-
bility of the identiﬁcation results to noise in the data is of great
importance, see for example Ammari et al. (2012), Ben Ameur
et al. (2004) and Lee et al. (1999). For a single ellipsoidal defect
the stability of the identiﬁcation results obtained by using the rec-
iprocity gap functional method was demonstrated in Shifrin and
Shushpannikov (2011, 2013) and Kaptsov et al. (2012). The case
of multiple defects is considered below.
In all numerical examples presented in Section 5 the values of
RGF used for the defects identiﬁcation were calculated by divid-
ing of each facet of the boundary oV of the cubic body V into
k  k equal square elements. The displacements ud were calcu-
lated by FEM at 9 points for each element and the integration
was performed by using Gaussian quadrature rule. So, the total
number of points on the boundary oV, where displacements ud
are calculated, is equal K = 6  9  k2. Note that in all numerical
examples presented in Section 5 and below the value k = 30 is
used.
The calculated values of the displacements ud simulate the dis-
placements measured in the experiment and due to computational
errors, already noisy. In the examples considered below the noise is
added to the values of calculated (measured) displacements ud in
the explicit form.
Let us denote by Du the perturbation of a displacement ﬁeld in
the body V caused by the defects
Du ¼ ud  udr ð50Þ
where udr is the displacements in the body V without defects sub-
jected to the same loads td and the same constraints preventing ri-
gid motion of the body V.
Obviously, that the values of RGF are determined by the pertur-
bation Du. Let us take as the measure of this perturbation the fol-
lowing value:
Du ¼ 1
K
XK
j¼1
jDu Xj
 
j ð51ÞFig. 11. Identiﬁcation of two spherical cavities using noisy data. Case S ¼ 0:05Du.where Xj is the point of measurement on the boundary oV with the
number j. It is clear that the defect identiﬁcation can be satisfactory
only if the noise is small relative to the value of Du.
Let us simulate the noise in the calculated displacements ud by
the random vector E
E ¼ Ee ð52Þ
where E is a random variable having normal distribution with the
mean value M and standard deviation S, e is a random unit vector
independent on E and uniformly distributed on a unit half-sphere.
We will assume below that there are no systematic errors in the
data, so M = 0. In the case the random variable E takes positive
and negative values with equal probabilities. As a result the direc-
tions of random vector E are uniformly distributed on a unit sphere.
The random vector E is added independently to each of the cal-
culated displacements ud. Due to the random nature of noise the
reconstruction results depend on the noise realization. To illustrate
the inﬂuence of the noise level on the results, below we present
one randomly chosen realization for each value of the standard
deviation S.
Fig. 15. Identiﬁcation of two ellipsoidal cavities using noisy data. Case S ¼ 0:03Du.
Fig. 16. Identiﬁcation of two ellipsoidal cavities using noisy data. Case S ¼ 0:05Du.
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tion 5.2 (see Fig. 6) using noisy data with S ¼ 0:05Du, S ¼ 0:1Du
and S ¼ 0:15Du are presented on Figs. 11–13, respectively.
The results presented on Fig. 13 demonstrate that even for 15%
noise in the data the spherical cavities are identiﬁed with good
accuracy. Subsequent increasing of the noise level leads to increas-
ing the errors in the identiﬁcation results.
Next, consider the case of two ellipsoidal cavities from
Section 5.3 (see Fig. 8). The results of identiﬁcation obtained for
S ¼ 0:01Du, S ¼ 0:03Du and S ¼ 0:05Du are presented on
Figs. 14–16, respectively. It follows from Figs. 14–16 that in the
case of ellipsoidal cavities the errors in the identiﬁcation results in-
crease drastically with increasing of the noise level. The noise level
higher than 5% can lead to the signiﬁcant errors in the identiﬁca-
tion results. This is a consequence of using, in case of ellipsoidal de-
fects, the regular elastic ﬁelds with the stresses approximately
quadratically depending on the coordinates inside the defect to
be identiﬁed. The RGF corresponding to the ﬁelds is more sensitive
to noise in the data than the RGF corresponding to the regular
ﬁelds with approximately constant stresses inside the investigated
defect. The results of identiﬁcation of spherical defects are more
stable relative to the noise in data since the defects are identiﬁed
by using only the ﬁelds with approximately constant stresses in-
side the investigated defects.
7. Conclusions
A new simple method based on the use of reciprocity gap func-
tional is developed for identiﬁcation of a ﬁnite number of small,
well-separated defects (cracks, cavities, rigid or linear elastic inclu-
sions) in a 3d isotropic linear elastic body using the results of one
static test. The method enables to determine the number of the de-
fects and coordinates of their centers. For ellipsoidal defects the
formulas for determination of the magnitudes and directions of
the ellipsoids semiaxes are also obtained. Considered numerical
examples demonstrate the efﬁciency of the developed method.Acknowledgement
The support of RFBR Grant 13-01-00257 is gratefully
acknowledged.
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